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Abstract-consider the delay difference equation 
G&+1 - %I + Pnr,(,) = 0, 72 = 0, 1,2, . , 
where T : N + Z is nondecreasing, 7(n) < n for ra E N and iimn--roo 7(n) = co, {p,} is a nonnegative 
sequence. Some oscillation criteria for this equation are obtained. 
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1. INTRODUCTION 
Fkently, there has been an increasing interest in the study of the oscillatory behavior of the 
solutions of the delay difference equation 
Ax, + p,x,+r = 0, 12 = 0, l(2, . . * , (1) 
where (p,.,} is a real sequence, T is a positive integer, and A 2, = zn+r - x,,. See, for ex- 
ample, [l-5]. 
As in [l], equation (1) can be a discrete analogue of the differential equation 
z’(t) f p(t)z(t - 0) = 0, (2) 
where CT > 0 is a constant. Equation (2) is a differential equation with a constant delay cr. In the 
applications [6], one sometimes considers delay differential equations with a variable delay of the 
form 
x’(t) + P(t)% (c(t)) = 0, (3) 
where CT E C(R+,R+), a(t) < t, and lim tdoo o(t) = co. The oscillation of solutions of (3) has 
been investigated systematically in [7,8]. 
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In this note, we consider 8 difference equations with 8 variable delay of the form 
Xn+l - 273 + h&(n) = 0, n=O,l,.... (4) 
Equation (4) is a discrete 8n8logue of equation (3). Let N = (0, 1, . . . } and Z = {. . . , -l,O, 
1,. . . }. For equation (4), we always assume that the following hypotheses, designated by (H), 
hold: 
(i) 7 : N --) Z is nondecreasing, 
(ii) 7(n) < n for n E W, 
(iii) limn-,oo r(n) = co, and 
(iv) there exists 8 monotone sequence (7th) such that r(nk) = nk-1, k = 1,2,. . . , limk,, nk = 
00, 0 5 nQ < n1 < em’ < nk < - - -. 
For example, we see that r(n) = n -7, where T is a positive integer, and r(n) = [n/2], where I.1 
denotes the greatest integer m 5 n/2, satisfy condition (H). Clearly, the assumption (H) is similar 
to the corresponding assumptions for equation (3). Therefore, (4) includes difference equations 
with unbounded delay. To the best of our knowledge, there are no known oscillation criteria to 
cover difference equations with unbounded delay. 
By a solution of (4), we mean 8 sequence (x,} which is defined for n 2 r(O) and which 
satisfies (4) for n 2 0. A solution {xn} of equation (4) is said to be oscillatory if the terms xn of 
the solution are neither eventually all positive nor eventually all negative. Otherwise, the solution 
is called nonoscillatory. 
In this paper, we present some sufficient conditions under which all solutions of (4) oscillate. 
For the sake of convenience, we introduce the following notations, Let 
( n - T(n) > 
n-r(n)+1 
6, = 
n - 7(n) + 1 , 
n= 1,2,..., (5) 
ak = k = 1,2,. . . , (6) 
To(n) = 12, P(n) = 7(7”-l(n)), m = 1,2,. . . , 
Tk = k=l,2,..., (7) 
and 
where nk-1 = r(nk). 
n-l 
qk = mh c Pi ] nk-1 5 n I nk, k E N , (8) 
im(n) 
Clearly, ?(n) < ?-l(n), for m = 1,2,. . . . Since f(x) = (x/(1 + x))l+= is increasing in x on 
(O,oo), 8nd f(X) + I/ e 8s x -+ 00, we can easily prove that 
and hence, ok < l/e. 
2. LEMMAS 
To obtain our main results, we need the following lemmas. 
LEMMA 1. Assume that for some positive integer A, equation (4) has a solution (x,} such that 
2, > 0 OII {T3(fi),..., si + I}, $I, 2 0 OII {T’(ii), . . . , ii}, and there exists a positive number B 
such that xy&,, pi 2 B > 0. Let 
XT(n) N = min - 
T(fi)Insfl Xn ’ 
then N < 4/B2. 
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PROOF. By the assumption, there exists n* E {T(A), . . . ,A} such that 
n* ii 
c 
i=r(il) 
~2; and 1 
i=n* 
Pi>f. 
Summing (4) and using the decreasing nature of {z7(i)} for T(R) 5 i 5 ii, we have 
ii ii 
c Piz7(i) 5 -xr(fi) c B z&,+1 - z** = - Pi I --“T(n). 
i=n’ i=n* 2 
Similarly, 
Hence, 
?a* n* 
X,*+1 - XT@) = - c Pi&(i) 5 -G(n*) c Pi 5 +%(n*). 
i=r(it) i=r(fi) 
B B 2 
Gz* > p(“) > 2 
0 
“r(V) * 
Thus, N 5 x,(n+n+ < 4/B2. The proof is complete. 
LEMMA 2. Assume that {xn} is a solution of equation (4) such that for some positive integer fi, 
xn > 0 on {?(ii), . . . ) fi + l}, p, 2 0 on {am,. . . , A}, and that 
n-l 
min 
r(ii)ln<fi 
{ I c Pi = qj=& > CYjj = iw(n) r($~<nE%l = 5 sfl+l, ( > (10) 
where r+=, = min,(,=,)~nln{n - 7(n)}. Define M and N as follows: 
M= min “r(n) - and N = Wn) min -. 
G(+=b)<n57(fi) xn T(Fb)<nln Xn 
Then, N > 1 and 
PROOF. From (4), if x, > 0, then we have 
(11) 
Xn+l - = 1 -pnF. 
Xn 
Hence, for T(R) 5 n 5 ii, by using the well-known inequality 
metric mean, we obtain 
between the arithmetic and gee- 
(12) 
Xn -= 
xdn) 
In the last inequality, i = 7(n), . . . , n - 1, where 7(A) 5 n 5 A, which implies that TV 5 i 5 
A - 1. Thus, considering that the function (1 - b/x)” is increasing in z on [b, co), where b is a 
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positive constant, for T(A) 5 n < ii, we have from (12), 
( n-l 
n-T(n) 
2n 5 
xr(n) 
1 - min(M,N)n -t(n) 
xJ 
pi 
i=r(n) 
( > 
n-r(n) 
5 1 - min(M, N) ” 
n - r(n) 
5 (1 - min(M, N)qnTn-‘)‘2” 
5 (1 - min(M,N)of17A-1)m, 
Hence, 
27O L (1 - min(M, N)qn~n-l)-T’ 1 (1 - min(M, N)anTnW1)-‘” . 
Xn 
(13) 
N 1 (1 - min(M, N)qATAsl) - rn. 
It is easy to see that 
i,~;>~>c {N (l - qflN)T+? = qn (1 :::,I+, ’ 
If min(M,N) = N, then (13) leads to 
(14) 
(Gi + 1) Tn+l N > (1 - qn7n-‘N)-Tfl 2 qn.m-‘Iv TfiT” > N, 
which is a contradiction. Hence, min(M, N) = M. Then, from (13), we obtain 
The proof is complete. 
3. MAIN RESULTS 
THEOREM 1. Assume that (H) holds, p,, 2 0 and qn > CY,,, for all large n, where qn and CY,, are 
defined in Section 1. tithermore, assume that 
00 
C( Qi - Ofi) = 00. (15) 
i=l 
Then every solution of (4) is os&?latory. 
PROOF. Suppose to the contrary, that {xn} is an eventually positive solution of (4) with xn > 0 
for n 1 T3(nk) and p,, 2 0 for n > r2(nk), where k 2 3. It is easy to see that Lemma 2 is 
applicable. Define a sequence {Ni} by 
Nr = min XT(n) -9 
+utdln9uti Xn 
i=l,2,.... (16) 
Noting that nk+i-1 = r(n&+i) and the definition of q&+i, by (11) (set N = Ni and M = Ni-i), 
we obtain 
Ni 1 
1 
(1 - Qk+iQ+~-‘Ni-i)T’t‘ 
1 (1 
1 
- CY&+~T&++N~-i)Th+r > NM, 
i=12 9 ,..‘, 
i.e., Ni is nondecreasing. By Lemma 1, 
of (ll), (14), and (9), we have 
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{Ni} is bounded. Hence, lim+,, Ni = fl exists. In view 
Ni ’ (1 _ qk+jTiiNj_l)Tk+i 2 Qk+iT&iNi-1 (Tk+i + 1) 
Tk+i+l 1 
7;Jy = Qk+iNi- I- ak+i 
= Ni_I l+ & (qk+i - ak+i,) , i=1,2,.... 
By Lemma 2, Ni > 1. It is easy to see that cri < 1. Hence, 
Ni - Nj_1 2 N&tk+i-’ (qk+i - ak+i) 2 (qk+i - ak+i) , 
N+I - Ni 2 Niak+i+l-’ (qk+i+l - aksi+l) > (Qk+i+l - ak+i+l) , 
and hence. 
which contradicts (15). The proof is complete. 
For equation (l), r(n) = n - r, cy( = (r/l + ~)l+~, nk = k7, and 
i 
n-l 
qi = min C pj 1 (i - 1)7 I n 2 i7 . 
j=n--7 1 
COROLLARY 1. Assume that p, 2 0, qn > (~/(l + T))~+~ for all large n, and 
lg (9i - (+)‘“) = O”* 
Then every solution of (1) is oscillatory. 
REMARK 1. Condition (17) improves the condition [2] 
n-l 
lim inf 1 C 
n--rCQ 7 &n-7 
(17) 
(18) 
since (18) implies (17). 
For the case limn&n - r(n)) = 00, we can derive the following explicit oscillation criterion 
from Theorem 1. 
COROLLARY 2. Assume that (H) holds, p, >_ 0, lim,,,(n - r(n)) = 00, and 
n-l 
liniif C pi > i. 
$=7(n) 
Then every solution of (4) is oscillatory. 
PROOF. From (19), there exist E > 0 and a positive integer kl, such that 
(19) 
for ah n 2 nkl. 
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On the other hand, (n - ~(n))/(n - 7(n) + 1)“-‘@)+’ is increasing for large n, and 
7150 * ( n - I n - 7(n) + 1 > 
n-r(n)+1 1 
= -* 
e 
Hence, for any small positive number E, there exists a positive integer Its such that 
(20) 
( n - 7(n) > 
n-7(4+1 1 e 
n - T(n) + 1 <;+-, 2 
for all n 2 nkl. 
Let I = max(lcj, k2). Then we have 
n-l 
c ( 
m - T(m) 
> 
m-T(m)+1 
e 
Pi > m-T(m)+1 + 2’ 
for all n, m 1 ng. 
i=r(n) 
Hence, 
and 
qk+l > ak+l + f > ak+l, for k 1 k, 
2 ($ - 0i) = 00, 
iA+1 
i.e., all assumptions of Theorem 1 are satisfied. By Theorem 1, every solution of (4) oscillates. 
REMARK 2. If lim,,,(n - T(n)) = 00, then by (20), (19) can be written to the form 
n-l 
l$izf C pi > lim 
( 
n - 7(n) 
n-00 
i=r(n) 
n - 7(n) + 1 > 
n-r(n)+1 
(21) 
If T(n) = n - 7, (21) becomes (18). Hence, condition (19) is a generalization of (18) for the 
equation with unbounded delay. 
REMARK 3. We note that (19) is not necessary for (15). That is, even with 
n-l 
linl&f c pi = e-1, 
i-r(n) 
(15) still is possible. 
If (19) does not hold, then we have the following result. 
THEOREM 2. Assume that (I-I] holds, pn 2 0 and Cy&,,pi 2 B E (0, l), for ad large n. 
Furthermore, assume that 
n-l 2 
limsup C pi>l- 4 . 
n-+00 i=7(n) 0 
(22) 
Then every solution of (4) oscillates. 
PROOF. Suppose to the contrary, that (2,) is a positive solution of (4). Then Azn 5 0 eventu- 
ally. If (22) holds, summing (4), we get 
n-l 
0 = 2, - G(n) + C Pi&(i) 
i-7(n) 
n-l 
2 Xn - x7(n) + G(n) c Pi 
+=7(n) 
( n-l = x7(n) c pi-1+z” . (=7(n) x+) 1 
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Similar to Lemma 1 with slight revision we can prove that z,/z,(,) > (B/2)2. Hence, by (22), 
the lest inequality implies that 
02Wn) (i5JY-l+(;)2) >o, 
which is a contradiction. The proof is complete. 
EXAMPLE 1. Consider 
Ga+l - GI + PnX[n/2] = 03 n = 0, 1, . . . , (23) 
where p, = l/(n + l), [n/2] denotes the greatest integer m 5 n/2, n = O,l,. . . . To the best of 
our knowledge, there is no known oscillation criterion to apply to (23). We see that, if n = 2k, 
then 
F pi=2$l&&=;>;, 
i=7(n) 
andifn=2k-&then 
n-l 2k-2 
c Pi = c 
1 k 
A> 
1 
i=r(n) 
i=k 1 i + 12k - 1 --‘2 e’ 
Hence, 
n-l 
limi~f c pi 2 2 1 L>-, 
i=r(n) 
e 
i.e., (19) holds. By Corollary 2, every solution of (23) oscillates. 
EXAMPLE 2. Consider the equation 
Xn+l - 2% + P&+/2] = 09 n = 1,2,. . . , 
where 
Pn = 
n = 2k, 
n=2k-1, k=1,2 ,.... 
We see that, if n = 2k, then 
g ,=2(1-&)5&>2(1-&)&=1-&? 
i-r(n) 
and if n = 2k - 1, then 
k 1 
’ e(2k - 1) ’ z’ 
Hence, (19) does not hold. Corollary 2 cannot apply to (24). 
On the other hand, Cy_,(,, pi > B = 1/2e and limsup,,, ~~.Y~,, Pill - 1/16e2. Therefore, 
all assumptions of Theorem 2 are satisfied. By Theorem 2, every solution of (24) oscillates. 
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